Lecture 4-5
Equilibrium
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Partial molar quantities

Properties such as, U, H, S, G, A, etc. depend upon the
number of moles, n, in addition to P, V and T.
U = f(P, V, T, n1, n2,…ni)
n1, n2,…ni represent the number of moles of each constituent in
volume, V.
U = f(P, T, n1, …ni)
dU = (∂U/∂P) T, n1, …ni, dP + (∂U/∂T) P, n1, …ni, dT + (∂U/∂ni) P, T, n1, …n,i dni
(∂U/∂ni) P, T, n1, …ni-1 is the partial molar internal energy Ūi.
Similarly Si, Hi, etc can be defined. ∂U/∂ni refers to the change in U
with the addition of one mole of the ith component keeping all the other
variables constant. Thus the system should be dilute such that the
addition of a mole of one constituent does not change the concentration
appropriately.

The quantity,
(∂G/∂ni)P, T, n1, … = µi is called the chemical potential.
dG = −SdT + VdP + Σi µidni
(dG)T, P = Σi µidni
G T, P = µ1n1 + µ2n2 + …
Partial molar free energy is the contribution per mole
of that constituent to the free energy of the system.
For a one component system, µ = G/n, partial molar
free energy is the chemical potential for a pure substance.

For one mole of a gas,

μ = μo + RTlnP/Po

μ is the chemical potential.

Although this appears more like a new system of
nomenclature, the significance is much more.
Chemical potential shows how extensive quantities such as
U, A, H and G depend on concentration.

Phase Equilibrium
Josiah Willard Gibbs 1839-1903

Discontinuity in the free energy, G verses T graph, phase
transition.
For one-component system, existing in two phases, the chemical
potentials of each of these phases is the same at equilibrium.
µ of phase A = µ of phase B
How do we understand this µ? If it is possible to write down an
analytical expression for µ, it should be possible to solve this
equation and find T at which phase transition occurs. In the
absence of this, we need to go for an alternate method.

One way that we can understand it is under the condition of
constant pressure. The variation in chemical potential with
temperature is this ∂µ/∂T or it is (dG/dT)P
Chemical potential of each constituent must be the same
everywhere. The simple way to write this for a one-component
system, dµ = − SdT + VdP (One component)
(∂µ/∂T)P = −S ; (∂µ/∂P)T = V
If you have to talk about variation in µ Vs. T, the slope of that
graph is going to get you the entropy i.e. you can get absolute
entropies of solids, liquids or gases depending upon how you
plot this graph. As we said earlier, S is large when it comes to
gases. S of liquids it is much larger than that of solids.

Slopes of µ Vs. T and µ Vs. P
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Phase transitions occur when chemical potentials change
discontinuously.

Why don’t you see sublimation?

Which path will the system take?
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Pressure Dependence of µ Vs. T Curves
Change in pressure changes the free energy.
Since (∂µ/∂P)T = V, a decrease in pressure can
only decrease the free energy as V is always
positive (V is molar volume).
This decrease is depicted in figure when P is
changed to P’.
The change in values for S, L and G are from
a to a’, b to b’ and c to c’, respectively.
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As a result of this shift the entire free energy curve shifts.
Let us plot the free energy at a different pressure.
The dotted lines are at a lower pressure.
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Clapeyron Equation

Let us consider a phase transition between phases, α and β.
Let us also assume that β is the product phase. At equilibrium,
µα (T, P) = µβ (T, P)
If µα and µβ can be written in terms of T and P.
This equation can be solved for T and P if know the complete form
of the analytical expression.
Even if we don’t know, we can get an expression for derivatives
µα (T, P) + dµα = µβ (T, P) + dµβ
But µα (T, P) = µβ (T, P)
dµα = dµβ
−SαdT + VαdP = −SβdT + VβdP
(Sβ − Sα)dT = (Vβ − Vα) dP
α→β is the phase transition
dT/dP = ∆V/∆S or dP/dT = ∆S/∆V
Either of this is the Clapeyron equation
The important advantage of this equation is that equilibria between
two phases can be discussed quantitatively.

Solid – Liquid

∆S = ∆Sfusion = Sliq – Ssol Positive for all transitions.
∆V = ∆Vfusion = Vliq – Vsol Positive for most and negative
for some
∆Sf = 8 – 25 J/K/mol (typically)
∆Vfu = ± 1 to 10 cm3/mol (typically)
Assume ∆Sfu = 16 J/K/mol
∆Vfu ± 4 cm3/mol
dP/dT = ((16 J/K/mol)/ ±4 (10-6)m3/mol)) = ± 4 (106)Pa/K
=40 atm/K

OR

dT/dP = ±0.02 K/atm
dP/dT is positive for most substrates
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Liquid - Gas
∆S = Sgas – Sliq = ∆Hvap/TPositive
Positive
∆V = Vgas – Vliq
dP/dT = ∆S/∆V
Positive
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Solid-Gas

∆S = Sgas – Ssolid = ∆Hsublimation/T
∆V = Vgas – Vsolid
Positive
dP/dT = ∆S/∆V
Positive

Positive

Since ∆S is more than the gas-liquid case and ∆V is similar
to that of gas-liquid, dP/dT will be more for this phase
transition.
Thus a phase diagram can be constructed for a one
component system. Note that the condition of equilibrium
implies that there is a temperature and pressure condition
where all these phases have to coexist, this is called the
triple point.
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Phase diagrams of simple systems

Stability of phases - free energy condition
In the following diagram for all temperatures below TB the liquid is stable and
for all temperatures below TM the solid is stable. For all temperatures above
TB, gas is stable.
Is a G vs. T diagram enough?

Phase diagram represents state of the system.
Any point in the phase diagram tells about the system completely. The phase
diagram is far more informative than the simple free energy vs. temperature
diagram.

CARBON DIOXIDE
Vliq > Vsolid

Dry ice – No stable liquid phase at 1 atm and therefore, ice
evaporates directly and thus dry. In a CO2 cylinder, the critical
point is above RT and in CO2 cylinders at 25 C, gas will be in
equilibrium with liquid and the pressure will be at 67 atm.
Above 31.1 C, supercritical CO2
73
67
P/atm

5.11
1
25

-78.2 -56.6
T/oC

31.1

WATER
Vliq < Vsolid
220

1

P/atm
611 pa

0 0.0098

T/oC

100

374
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Phase Diagram of Ice

INTEGRATION OF CLAPEYRON EQUATION

dp/dT = ∆Sliq/∆Vfus ← CLAPEYRON EQUATION (Melting)
∫P2P1 dp = ∫TM’TM [∆Hfu/∆Vfu] dT/T

∆H and ∆V are nearly independent of temperature
P2 – P1 = [∆Hfu/∆Vfu] ln TM’/TM
TM’ – TM is quite small.
ln TM’/TM = ln [(TM + TM’ – TM)/TM] = ln [1 + (TM’ – TM)/TM]
≈ (TM’ - TM)/TM

3
ln (1+x) = x - 1/2 x + 1/3 x ….. and if x<<1, ≈ x

∆P = ∆Hfu/∆Vfu ∆T/TM

2

SOLID – GAS OR LIQUID – GAS EQUILIBRIUM

dP/dT = ∆S/∆V = ∆H/T(Vg - Vs/l)
Vg >> Vs/l
d ln P/dT = ∆H/RT2
Vg = RT/P
∫PPo d ln P = ∫T To ∆H/RT2 dT
ln P/Po = -∆H/R (1/T – 1/To)
=-∆H/RT + ∆H/RTo

Po = 1 atm To = T, the normal boiling point Standard boiling point – 1 bar
ln P = ∆H/RTo - ∆H/RT
log10 P = ∆H/2.303RTo - ∆H/2.303RT
ln P or log10 P vs. 1/T
Slope -∆H/R or -∆H/2.303R
Intercept ∆H/RTo or ∆H/2.303RTo
This equation is the same as, log10P = A + BT
A and B are tabulated for substances
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Ehrenfest classification of phase transitions
A  B transition
(∂µB/∂T)P - ∂µA/∂T)P = −SB+SA = -ΔS = -ΔH/T
(∂µB/∂P)T - ∂µA/∂P)T = VB-VA = ΔV
ΔS and ΔV are non-zero and slope of chemical potential
changes at phase transitions such as melting. Discontinuity at
phase transition. First derivatives of chemical potential with
respect to P and T are discontinuous.
First order transitions.

Cp

Slope of H vs. T plot is Cp. H changes by a distinct quantity
with infinitesimal change in T. Thus Cp is infinite at the
transition. λ transition.
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Second order transitions – no discontinuous change in S and V.
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Phase rule

Coexistence of two phases, condition:
µα (T,P) = µβ(T,P)
The two intensive variables are related.
Only one true variable - univariant
Three phases,
µβ (T,P) = µγ(T,P)
µα (T,P) = µβ(T,P)
There are two relations and therefore the system is invariant
So for one component, number of variables,
F = 3 – P, is the Phase Rule.

How about a general rule?
There are several components and several relations between
components. At equilibrium, there are relations between chemical
potentials.
How many variables to be known?
1. PC - Composition variables for P phases
(In each phase, mole fraction of each component has to be specified. C
mole fractions for one phase, PC for P phases.)
2. 2 – Variables corresponding to T and P
Total variables to be known = PC +2

We have also some relations existing.
1. P - P relations of mole fractions
Why: Each phase, there is a relation, x1 + x2 + x3 +….+ xC = 1
P phases, P equations
2. C(P-1) - C(P – 1) equations of µ’s.
Why: For each component, there are a set of equations:
μiα = μiβ = μiγ =…..= μiP
(there are P-1 relations in each set, C(P-1) for C components)
Finally the number of variables,
F = PC + 2 – P – C (P – 1)
or

F=C–P+2
This is the Gibbs phase rule. Can we find out F for a given system?

Phase diagram
of carbon

Solid-liquid equilibria; the simple eutectic diagram
Greek, Eutektos – easily melting
Eu – good, well + tekein – to melt

Motivation:

A two component system is the simplest of multicomponent systems.
A condensed phase rule is the one used to represent the phase diagram
of a condensed system, either liquid or solid. In such a case,
for two or more components, the phase diagram becomes
multidimensional.
Look at, F = C – P + 2, for one phase, 2 – 1 + 2 = 3 and the
phase diagram will have three dimensions. This is difficult to
represent. For larger number of components, the situation becomes
complicated.
What is a component in case of equilibria?

Simplification:

One way to reduce complexity is to disregard the vapour phase in all
discussions. In fact the error involved in this is not large.
Another way is to fix one of the variables, say pressure and discuss
the phase diagram at constant pressure. This option is satisfactory as
most of the phase changes of importance occur at atmospheric pressure.
This phase rule, which is the condensed phase rule can be represented as
F’ = C – P + 1, when pressure is constant.
When a mixture of A and B is cooled, solid will separate at a the
freezing point which will vary with composition. This variation can be
represented by the equation,
ln xA = - ∆Hfus,A/R (1/T – 1/T0A),
Where x refers to the mole fraction and rest of the quantities have their
usual meaning. T0A is the pure A melting point.

This variation is depicted below.
The region above the line is the liquid phase and below is the solid phase.
The curve is called the liquidus curve.
At a point represented by a, the liquid of composition b is in equilibrium
with solid A of composition c (in this case the solid is pure A).
The ratio of amount of liquid to solid is equal to the ratio of the lengths
ac/ab.
This curve does not represent the situation over the entire region of
composition. At larger mole fractions of B, solid B separates out.
If the solution is ideal, the same law holds good for the pure substance, B.
In this case,
ln xB = - ∆Hfus,B/R (1/T – 1/T0B),

At temperature Te both the curves meet and this is the minimum in
temperature that can be reached by the system with solid A, B and
solution in equilibrium. This temperature is called the eutectic
temperature. At this point, F’ = 3 – P = 3 – 3 = 0, the system is
invariant at this temperature. If heat is removed from the system,
the three phases will be in equilibrium. The relative amounts of phases
will change depending on the heat flow into the system.
The total phase diagram is represented in the diagram (b).
The line DEF is the solidus curve. Below this line only solid A and B
exist. The ideal system depicted in (a) is also shown.

Liquidus curve

Solidus curve

Solid-liquid equilibrium in a two component system.

The lead-antimony system is a simple eutectic system. This is shown
below as an example. The various temperatures are shown in the graph.
The line hijk is called an isopleth, representing constant composition.
This represents the changes in the system as the temperature is varied.
It was thought that at this temperature what is melted is a compound.
But microscopic analysis showed that these are isolated crystals of A and B
in the system.
In systems such as lead-antimony which form alloys, the grains of A and B are
much smaller, yet the two phases remain. In aqueous systems, this eutectic
mixture is called a cryohydrate and the eutectic point is called the
cryohydric point.
Micrograph of eutectic Pb-Sn alloy showing a
fine mixture of Pb-rich and Sn-rich phases

Lead-antimony system

The phase diagram can be studied using cooling curves. A series of
compositions are taken at a temperature above the melting points of A
and B. The mixture is allowed to cool. The temperature is noted as a
function of time. The cooling curve is plotted as given below.

Cooling curves

The two points at which the slope changes correspond to the melting
point of the mixture and the eutectic point. In composition marked (3)
no melting point is noted only the eutectic point is observable.
The horizontal plateau is called the eutectic halt. This increases as the
composition is closer to eutectic composition. The phase diagram can be
drawn by using either of the data. The eutectic point can be found out
by plotting the eutectic halt as a function of composition.

Eutectic halt as a function of composition

The freezing mixture

NaCl/water system

The eutectic compositions for several freezing mixtures are given below.
Eutectic temperature C

Mass percent anhydrous
salt in eutectic

Sodium chloride

-21.1

23.3

Sodium bromide

-28.0

40.3

Sodium sulfate

-1.1

3.84

Potassium chloride

-10.7

19.7

Ammonium chloride

-15.4

19.7

Salt

Eutectic system with compound formation
Compound A3B2
T

A

Composition

B

Additional reading
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∫dG = ∫VdP
G - Go = ∫PoP VdP
G = Go (T) + RT ln P/Po for ideal gases
and
G = Go(T) + V (P-Po) for solids and liquids
µ = µo+ RT ln P (for one mole)

Equilibrium constant and ΔG
µi = µio+ RT ln Pi

i is a component gas, for one mole

Consider the reaction (for an ideal gas), aA + bB  cC + dD
ΔG of the reaction can be given in terms of equation (1)
Assume, ΔGo = c µCo + d µDo – (a µAo + b µBo)
So, ΔG = ΔGo + RT ln [PCcPDd/PAaPBb] or
ΔG = ΔG0 + RT ln Q
[PCcPDd/PAaPBb]e = K, equilibrium constant
At equilibrium, 0 = ΔG0 + RT ln [PCcPDd/PAaPBb]

ΔG0 = - RT ln [PCcPDd/PAaPBb]

(1)

Effect of Temperature on Chemical Equilibrium
The equilibrium constant of a chemical reaction is
constant at a given temperature, but varies
considerably with changes in temperature.
A quantitative relation can be found with
van’t Hoff’s equation.
or

∆Go = - RT ln Ka
ln Ka = - ∆Go/RT

K in terms of activities

On differentiating equation with respect to T at constant
pressure we get, why constant P?
d ln Ka/dT = - 1/R[d(∆Go/T)/dT]P
{As [d(∆Go/T)/dT]P = - ∆Ho/T2}  G-H equation
or

d ln Ka/dT = -1/R (-∆Ho/T2)
d ln Ka/dT = ∆Ho/RT2

For gaseous reactions, Ka = KP and hence
equation becomes,
d ln KP/dT = ∆Ho/RT2

This result represents the variation of equilibrium constant with
temperature and is generally known as the van’t Hoff’s equation.
In order to integrate the equation, ∆H0 must be known as a
function of temperature. Assuming ∆H0 to be constant over a
small range of temperatures integration of equation yields.
∫KP1KP2 d ln KP = ∫ ∆Ho/RT2 dT
[ln KP] = ∆Ho/R [-1/T]
ln KP2/KP1 = ∆Ho/R[-1/T2 + 1/T1]
= ∆Ho/R [T2 –T1/T1T2]
log KP2/KP1 = ∆Ho/(2.303R)[T2 – T1/T1T2]

Equation helps in calculating KP2 at T2 provided the
enthalpy of the reaction at constant pressure ∆Ho, KP1
and T1 are known.
Alternatively,
∆Ho can be determined if KP is known at two temperatures.
Integrating equation without using limits, we get
∫ d ln KP = ∫ ∆Ho/RT2 dT
Or

ln KP = - ∆Ho/RT + constant
log10 KP = - ∆Ho/2.303 RT + constant

log KP
1/T

Plot of log KP against 1/T

